














that’s within 4% of the true population. This time we got 36%, go
figure yourself whether it is right or not’. I mean, that’s would you
would have to print. If I were writing it, because I’m not a writer,
that’s what I would have to write now to get my meaning across. I'm
just saying, how is it normally written?
The green highlights suggested that Henry had overcome his confusion exhibited in
Episode 2. He had understood was that a sample statistics 36% with margin of error +4%
meant that 95% of samples of the same size will be captured by p+4%, but we don’t know
if 36% is one of those 95%. His questions, asked in many different ways in the yellow

highlights in lines 627, 648, and 650, can be summarized as

1. How far off is the sample statistic 36% from the unknown population
parameter?

2. 1If we could not have the answer to the above question, then why bother
collecting the sample?

These questions revealed his conviction that if it does not matter what sample statistic we
obtain we could never know how far off it is from the population, then there is no need
for generating any sample. Behind this belief is a search for measurement of certainty in
sample results that are expressed from the Carpenter’s perspective: How far off is a
measurement from the actual measurement? For Henry, the accuracy expressed from the
Contractor’s perspective—how many measurements are within certain range of the actual
measurement— has an inherent arbitrariness in the sense that for any specific
measurement we do not know where it falls relative to the actual measurement. Overall,
this excerpt suggested that although Henry was capable of thinking like a Contractor, he
was not able to get over a Carpenter’s perspective.

Excerpt 98 revealed three other teachers, Nicole, John, and Linda’s thinking on

the same issue.

323



Excerpt 98
651.Henry

659.Pat

660.Nicole
661.Pat

Yes they do, but my question was, can you write it without talking
about the method at all. Can you just relate the number 36 to the true
population parameter without the discussion of method, because the
readers don’t necessarily want to hear about the method process.
Okay, now if you, not you as a general reader, but you all as, now, as
educated statisticians=

Well, now wait a minute! [chuckles]

=How would you feel if a newspaper writer tried doing that to you?
How would you react?

662.Terry and Nicole Tried to do what?

663.Pat
664.Nicole

665.Sarah

666.Pat

667.Linda

676.John

Just said ‘Harris found out that 36% of the voters preferred income
tax’.

Actually, I’d be happier if they wrote ‘Harris found out that around
36%’ 1really would be happy if they had said that!

I think that if you understand that Harris is a polling agency and you
put some validity in their existing methods, they don’t have to be
explained to you each and every time. I don’t think that I want to read
“USA Today” if every time they run a Harris poll result, they explain
to me what Harris poll has done, do you understand?

Well that’s different from explaining what they’ve done. This is
telling you what this +4% means.

I think as a reader, the general reader should be able to say, ‘Okay, +4
as compared to one that’s got a + 8%, I’'m going to be more likely to
believe the Harris poll, or I’'m going pay more attention than I would=

Well to me the 36% in there is for the reader. They know that the
majority of readers are going to have no idea to really understand the
+4%. What they’re putting the +4% in there for is to cover their butt if
things don’t work out=

Nicole’s comment (line 664) suggested that she was comfortable with the less than

perfect certainty, and that in fact she did not need a measurement of accuracy from

neither perspective. John (line 676) seemed to think the same way as Henry did. What he

meant by “if things don’t work out” was likely to be “if the sample statistic is not equal to

the unknown population parameter”, which again revealed a Carpenter’s perspective on

the accuracy of the sample statistics. Only Linda (line 667) understood the mechanism

with which margin of error conveys/quantifies the accuracy of sample statistics: A

polling method with margin of error of +4% will generate more accurate results than one
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with margin of error +8%, accurate in the sense that sample statistics are more closely

clustered around a population parameter. Linda’s conception of margin of error reflected

a Contractor’s perspective on accuracy.

At the end of the discussion (Excerpt 99), Pat and Terry reiterated the big ideas:

1) There is no way we can know how far off the sample statistic is from the population

parameter, and 2) Margin of error quantifies the accuracy with which samples of the same

size (or the sampling method) estimates a population parameter.

Excerpt 99
688.Pat

689.
690.Terry

691.Henry
692.Terry

693.Henry

694.Terry

695.Terry

696.Henry

Well, I guess my answer to your question, Henry, would be, well,
either you’re going to say ‘ I don’t care if I'm fooling them. Let’s just
write something that satisfies them and give up on trying to gain a
sense of accuracy. Or try to write in such a way so that they convey
that these percentages are about the method, not about this particular
result.

(Group takes a break)

But the other answer to your question is that’s why we teach Statistics
so that hopefully our students will have some interpretation of that
when they go out into the world. It is a revolution.

Off the point of focusing on students, indirectly, I was just wondering
if there’s a clear succinct way of relating that 36%=

What you said was without typing that method, no, because it is the
method=

Or is there, even talking about the method, a clear succinct way,
because everything that we’ve said has involved multiple, long
sentences.

But you can’t, can’t talk about it without saying that if I repeated this
process over and over again I would expect 95% of the time to get a
result, I just don’t know any other way to say it. There’s not other way
to say it because that’s what the 4% comes from.

So ... itis a hard, I mean, just thinking about all the stuff we’ve been
talking about, it is hard for the kids. The answer to your question is
no. I don’t think there’s any way you can describe what that statistic
means.

So I think there’s a systemic error here in this process that needs to be
brought out, otherwise it is just going to continue to perpetuate. And
we focused a lot of attention on that sample statistic, that 36% stuff ...
A lot of attention focused on that and there needs to be a nice clear
succinct way to explain what that is in relation to what we want. And
what everybody wants is the true population.
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697.Terry Yeah, you’re right. It is, and that’s why the kids get fixated on that.
Excerpt 99 revealed Henry’s resistance in accepting idea E1, that the interval p+r
contains x% of the sample statistics, and his persistent fixation in finding out the distance

between the sample statistic and the population parameter (line 696).

Interview 2-2: Harris poll

In the interview occurring the day after discussing Stan’s Interpretation, we asked the
teacher the following question:

A Harris poll of 535 people, held prior to Timothy McVeigh’s execution, reported that

73% of U.S. citizens supported the death penalty. Harris reported that this poll had a
margin of error of +5%.

Please interpret “+5%”.
How might they have determined this?
How could they test their claim of “+5%”?

Teachers’ interpretations of the +5% margin of error are summarized in Table 66.
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Table 66: Teachers’ answers to 12-2, Q1: What does +5% mean?

John

Two ways to interpret “+5%”—1) 95% of all possible samples will fall within £5% of
the population percent. 73% could be in or out of that range. 2) Construct a confidence
interval 68% to 78%. If you take multiple samples, 95% of the confidence intervals will
contain the true population percent.

Nicole

We don’t know how many people in the US support death penalty. If we repeatedly
take samples of 535 people, the proportion of people who support ... will fall in a
window of ... that mean ... the proportion of people who support the death penalty will
be ... overlap ... I need to draw a picture ... the proportion of people who support
death penalty is within 68% to 78% ... 95% of the time.

Sarah

What +5% means is what the true population mean is, the Harris poll people allows
themselves a leeway of error on either side of it ... They can go higher than the middle,
and lower than the middle. Leeway means you have a range of values. If you have
middle, you can 5% above and 5% below. To me that’s a 10% leeway. We don’t know
what that middle is.

Lucy

Assume you do 95% confidence, that would mean, you have a normal curve, a
population mean, we don’t know what that is. (drew the graph) whatever that p is, this
would be p+5%, this would be p- 5%. They are 95% sure ... if they do the samples 100
times, 95 times they would got this within 5% of this true population. So this (73%) is
probably in there, but there is 5% that it could be out there (pointed to the outliers)
somewhere.

Betty

95% of the percentages will fall between that interval (p+£5%). This interval 73 %=5 %
will represent our confidence level. This is not right. Let me start again. This 73%
could be here, with a confidence interval 73%=+5%. It could be there ... 95% of these
confidence intervals would contain this unknown population proportion.

Linda

There is a 95% probability, or 95% of all the surveys, the results will fall within +5%
of the real percentage. The +5% is not about the 73%, it is about the actual percent that
we don’t know. We don’t know whether that 73% will fall within that range.

Henry

95% of all polls taken in this manner will report an average, in this case it was 73 %,
that will be within 5% of the true population average. We also discussed that you can
construct the confidence interval, so the 73% and the +5% could produce a particular
confidence interval, in this case, 68 to 78. That confidence interval is one particular
confidence interval. Of all such confidence interval that could be collected in that
fashion, 95% of them would contain the true population average. So this particular
confidence interval either will or will not contain the true percent of people who
support death penalty.

Alice

It implies that they’ve done more polls, and have discovered that 95% of the data will
fall within +5% of the population proportion.

Table 67 presented the codes of the teachers’ answers using the coding scheme described

earlier.
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Table 67: Teachers'’ interpretations of margin of error in Interview 2-2

1| 213|456 ] 7| 81| 9| lo2or8r9 | 1&3&5 | 2&4&5
John N N N
Nicole N N
Sarah N
Lucy \ \ \ \ \
Betty R \
Linda N N N
Henry \ \ \ V
Alice N N
Counts | 6 [ 3 | 3 | 1 |1 ]0/|O0]|1]oO 7 1 0

As we can see from Table 67, all but two teachers, Nicole and Sarah, understood the
margin of error +5% to mean “95% of sample statistics fall within £5% of the unknown
population parameter”. Three teachers, John, Betty, and Henry, also understood the
margin of error +5% to mean “95% of the confidence intervals constructed from this
margin of error will contain the unknown population parameter”. Nicole took up again
her understanding that the interval s+r contains x% of the sample statistics. All teachers
except Sarah built their interpretation of margin of error on an image of a distribution of
sample statistics. Four teachers, Sarah, Lucy, Linda, and Henry, stated explicitly that the
interval s+4% does not necessarily contain p, or the interval p+4% does not necessarily
contain s.

With respect to confidence level, all teachers used the number 95% where they
needed to convey their confidence level (Note that the question did not specify a
confidence level). Only Lucy explicitly assumed a confidence level of 95% before using

it to refer to the percent of samples what are within the interval p+r.

*! In this particular situation, I assign v only when a teacher explicitly assumes a confidence level
when talking about a percentage of samples that are within the interval ptr.
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Table 68 compared the teachers’ understandings exhibited in their written answers

of Activity 1-8 Question 5 and the Interview 2-2.

Table 68: Comparison of teachers’ interpretations of margin of error in A1-8 and 12-2

Counts 1 2 3 4 5 6 7 8 9 | lor2or8or9 | 1&3&5 | 2&4&5
Al1-8,1 3 1 0 1 0 0 3 1 0 5 0 0
Al1-8,2 7 5 1 2 0 3 0 0 0 7 0 0
12-2 6 3 3 1 1 0 0 1 0 7 1 0

Table 68 shows that before and after the discussion of Stan’s Interpretation, there was a
significant improvement in the number of teachers who could interpret margin of error
coherently (captured by codes 1 and 2). There were no significant changes in teachers’
understanding of confidence level, and of the idea that the interval s+4% does not
necessarily contain p.

Teachers’ answers to the second question “how might they have determined
this?” (Table 69) revealed that out of the seven teachers who were asked this question,

none understood how a margin of error was determined.
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Table 69: Teachers’ responses to 12-2, Q2: How was 5% determined?

John

I don’t know, but I felt it has something to do with this 535. The larger the sample, the
smaller the variation, the data more clustered toward center.

Nicole

It is the sample size that has something to do with the +5%. If they increase the sample
size, then the margin of error would be smaller.

Sarah

I think if I understand what we have said in this place, it is arbitrary. They could just
pick this number out. Probably they would work with a margin of error that’s relatively
small.

Lucy

Can’t remember the process ... I remember in college you have some formulas you can
do with this.

Betty

I’m sure there is some kind of formula for figuring it out. I really don’t know how they
get that. This (x5%) tells us how accurate it is going to be. If it is 3%, then I would be
more confident that this (sample result) is closer to an accurate report.

Henry

They based that on the confidence level they were looking for. I have a numerical
understanding of this, my conceptual understanding is not strong. If you look for a 95%
confidence level, then you do a calculation ... that has something to do with the
standard deviation.

Alice

I’m not sure.

At best, we saw that John and Nicole understood that a margin of error was associated

with sample size, and Henry understood that it had to do with confidence level and

standard deviation (of the population).

Summary

This section investigated teachers’ understanding of margin of error. Analysis of

teachers’ written answer to the Question 5 of Activity 1-8 and Interview question 2-2

revealed that there was a significant improvement in the number of teachers whose

meaning of margin of error includes an image of distribution of sample statistics. That is,

more teachers were able to articulate that a margin of error +r means that

or

The interval ptxr captures x% of 's; x €10,100] (E1)

x% of intervals s, 1r contain p. (E2)

There was also a slight improvement in the number of teachers who stated that
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We don’t know if the interval p#£r captures s. (E3)

or
We don’t know whether the interval s+r contains p
(but we do know that x% of intervals s, 1r contain p). (E4)
With regard to the idea of confidence level, in answering both Question 5 and 12-2, the

teachers used 95% whenever they referred to the percentage of samples that were within

the interval p£r. Teachers’ responses to Question 5 revealed that none of the teachers

were able to recognize from the table in question that the confidence level for the
reported margin of error was 91%. This suggested their lack of understanding of what
confidence level is and its relationship with margin of error and sample size. The second
question of 12-2 also showed that the teachers did not understand how margin of error
was determined.

The discussion on Question 5 revealed additional insights about teachers’
understanding of margin of error. In Episode 1 we saw from Nicole, Linda, and Sarah’s
comments on students’ answers that they understood the idea that the interval s+ does
not necessarily contain p. Episode 3 analyzed Sarah’s use of the phrase “95%
probability”. It revealed that although Sarah understood that the interval s+ does not
necessarily contain p, when she spoke about “95% probability that the interval s+r
contains p”, she was not thinking of a distribution of sample statistics of which 95% of
the intervals constructed from the sample statistics contains p. Rather, she had a
subjective conception of probability, and her image of margin of error was fixated on the
particular sample statistic, as opposed to a distribution of sample statistics.

Episode 2 and 4 documented Henry’s transition from initially not having a

coherent image of margin of error to acquiring it near the end of the discussion. This
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coherent image of margin of error is what a person who holds a Contractor’s perspective
would think, that a sample statistics 36% with margin of error +4% means that 95% of
samples of the same size will be captured by p+4%, but we don’t know if 36% is one of
those 95%. However, Henry’s questions raised in Episode 4: how far off 36% is from the
population parameter, revealed that although he was able to think like a contractor, he
continued to hold a carpenter’s perspective. Discussions around Henry’s questions
suggested that 1) Nicole had a lack of orientation to “quantifying sampling error” in
parameter estimation, i.e., a lack of concern for the accuracy of estimates; 2) Betty, John,
and Henry seemed to have an orientation to “getting the right answer”. That is, they live
in a world of perfect certainty, in which everything is either right or wrong. 3) Even if 2)
is not true (they are not just concerned about right or wrong), they exhibited an
orientation towards finding out the (additive) difference between sample statistics and
population parameter. This suggested that even when a teacher acquires a Contractor’s
way of thinking, the Carpenter’s perspective could still be very ingrained in his or her

thinking.

Chapter Summary
This chapter explores teachers’ understandings of the concepts of variability and margin
of error. Since variability is a property of a distribution of sample statistics,
understanding variability is intrinsically linked to a scheme of distribution of sample
statistics. Pre-Interviews suggest that the teachers, with the exception of John, were
predisposed to think in terms of individual samples and not in terms of collections of

samples, and thus distributions of samples were not a construct by which they could form
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arguments. When asked to consider what was varying when comparing investments in
collections of stocks versus individual stocks, they thought of a single collection of stocks
in comparison to individual stocks in it. Only John came to see, after our probing
questions, that it was a collection of collections that were less variable than individual
stocks. Only John and Linda referred to collections of averages when explaining what
“the average will be less variable” meant.

Activity 1-7 Fathom simulation engaged the teachers in computer simulations of
repeated sampling, with the aim that they make connections among ideas of distribution
of sample statistics, sampling variability, and sample size. Teachers simulated taking
three collections of samples of different sizes, and compared the histograms generated
from the simulation. They concluded that 1) the mean of distribution of sample statistics
is close to the mean of the population from which the samples are drawn, and 2) as the
sample size increases, the variability of the distribution decreases.

Activity 1-8 unfolded in a sequence of two interrelated parts that probed teachers’
understanding of 1) the relationship between variability, population parameter, and the
number of samples, and 2) margin of error. Discussion of the first part revealed that while
the teachers made the generalization that variability of a distribution was independent of
the number of samples drawn, they did not explicitly state the relationship between
variability of a distribution and the population parameter. An interesting result that
emerged from this discussion concerns teachers’ understanding of the purpose of
simulation. Linda and Nicole, who apparently disagreed on the number of populations
that are involved in the table, seemed to share one common belief that the purpose of the

simulation was to find out about the population parameter. To further probe this belief,

333



we designed the interview question 2-2 at the end of the first week. We found that that
with the exception of John and Alice, all the remaining teachers had identified one
purpose of simulation as studying the behavior of distribution of sample statistics.

The second part of Activity 1-8 investigated teachers’ understanding of margin of
error by having them comment on a particular interpretation of the reported margin of
error for a public opinion poll of 500 people. Teachers gave a written answer both prior
to and after the discussion. Analysis of the teachers’ written answers revealed that there
was a significant improvement in the number of teachers whose meaning of margin of
error includes an image of distribution of sample statistics. With regard to the idea of
confidence level, the teachers used 95% whenever they referred to the percentage of

samples that are within the interval ptr. None of the teachers were able to recognize from

the table in question that the confidence level for the reported margin of error was 91%.
This suggested their lack of understanding of what confidence level is and its relationship
with margin of error and sample size.

The discussion on Question 5 revealed more insights about teachers’
understanding of margin of error that complements those obtained from their written
answers. The most significant finding concerns with teachers’ orientation in sampling
error. We found that although the teachers were able to root the interpretation of margin
of error in a scheme of distribution of sample statistics, they continued to hold a
carpenter’s perspective. That is, they were concerned with the additive difference

between a population parameter and its sample estimate.
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CHAPTER IX

CONCLUSIONS

This concluding chapter begins with a broad summary of the teachers seminar,
highlighting central findings on teachers’ understanding of probability, hypothesis
testing, variability, and margin of error. The chapter then elaborates the study’s
contributions and limitations. Finally, the chapter concludes with a forward-looking

stance, pointing to potentially relevant future research.

Summary

The goal of this dissertation research, as I described in Chapter 1, is to explore and
characterize teachers’ personal and pedagogical understanding of probability and
statistical inference, and to develop a theoretical framework for describing teachers’
understanding. To this end, I conducted an extensive review on existing literature on the
history of probability and statistical inference, and the psychological and instructional
studies of people’s understanding of probability and statistical inference (Chapter 2).
Against the background of this knowledge, I analyzed the teachers seminar that my
research team conducted in 2001 with eight high school teachers. The background
theories and methodology of this study were summarized in Chapter 3, and the specifics
of this teachers seminar were provided in Chapter 4.

I parsed the results of this study into four chapters. Chapter 5 provided a

conceptual analysis of probability and statistical inference. In this chapter, I elaborated
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the theoretical frameworks that were developed from reviews of literature and my
analysis of the teachers seminar. These theoretical frameworks, consisting of theoretical
constructs that I later use to make sense of teachers’ understanding, provided an
understanding of both what constitute coherent and powerful understandings of
probability and statistical inference and how these understandings might develop from
relatively less sophisticated conceptions. Using these frameworks, I described teachers’
understandings of probability and statistical inference emerged from their engagement in
the seminar activities and interviews. I parsed this part of the writing into three chapters,
each of which focuses on one, or one set of ideas.

Chapter 6: Teachers’ understanding of probability

Chapter 7: Teachers’ understanding of hypothesis testing

Chapter 8: Teachers’ understanding of variability and margin of error

Below I will summarize the central findings from each of these chapters.

Chapter 6 Teachers’ understanding of probability

This chapter explored the teachers’ conceptualizations and interpretations of probability
situations. I structured the activities and interviews around two important ideas: 1) A
stochastic conception of probability is one that supports thinking about statistical
inference. Thus, We want to know the extent to which the teachers reasoned
stochastically, and what difficulties the teachers might have experienced in reasoning
stochastically. 2) We wanted the teachers to understand that a situation is what you
conceive it to be. That is, a probability situation can be interpreted either non-

stochastically or stochastically, depending on how one conceives of the underlying
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process behind the stated situation. Moreover, when a situation is conceived of non-
stochastically, there are multiple ways to interpret what probability is in that situation. So
is stochastic interpretation. The multiplicity of these ways of thinking and interpretations
were presented in the theoretical framework for probabilistic reasoning (Figure 3). We
believe that as teachers of probability, they must be aware of, and be able to control,
different interpretations of probability situations so that they will be equipped to
understand students’ various conceptions of probability.

With respect to the first question: to what extent the teacher reasoned
stochastically, we found that in the beginning of the seminar, most of the teachers had a
non-stochastic conception of probability, specifically, only two teachers interpreted one
(out of two) probability situations stochastically. In the beginning of the second week
when we began to focus on probability, we saw a turning point during the teachers’
discussion on the PowerPoint slide 4: Rain & Temperature. This slide presented two
probability situations, and while one group of teacher consisting of Henry, Nicole, and
John argued that the two situations could be interpreted both non-stochastically and
stochastically, another group consisting of Terry and Linda insisted that one had to be
non-stochastic and the other stochastic. At the end of this debate, there appeared to have a
shared understanding among the teachers that a situation is not stochastic (probabilistic)
in and of itself, and that it is how one conceives of it that makes it stochastic.

In the post-interview, teachers’ interpretations to the five probability situations
revealed that most of the teachers only interpreted the situations in one way. Only two
teachers, Henry and Lucy, gave both non-stochastic and stochastic interpretations in a

number of occasions (Henry 3 out of 4, Lucy 2 out of 5).
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Summative analysis of teachers’ interpretations across all situations revealed that
three teachers, Nicole, Alice, and Henry, had predominantly stochastic conceptions.
Sarah had a non-stochastic conception. The remaining teachers’ conceptions of
probability were situational: Their interpretations of particular probability situations were
contingent upon how these situations were stated.

Activity 2-4 Clown and Cards situation was specifically designed to investigate
how the teachers would respond to multiple interpretations of a probability situation. In
the long and heated discussion, we observed the teachers experience a large amount of
confusion and frustration as they attempted to reconcile the differences between two
competing interpretations of the Clown and Cards situation. The teachers exhibited a high
commitment to their own interpretations, and a low degree of reflection. As such, it was
difficult for them to entertain alternative interpretations. When Henry, came to see the
reasonableness of the alternative interpretation, he changed his interpretation, as opposed
to acknowledge the reasonableness of both interpretations. The teachers seemed to have
an underlying assumption that there should be only one correct interpretation for any
situation and they believed that computer simulation could decide which interpretation
was correct. Despite Pat’s persistent attempt to engage the teachers in conversations
about pedagogy (thus entailing reflection on their thinking/interpretations as a collection),
the teachers resisted and kept arguing over the correctness of their interpretations. In the
post-interview on a similar question, however, we saw signs of a significant change in
teachers’ responses. All teachers acknowledged the multiple interpretations and stated

that they would be conformable to accept them. However, half of the teachers also
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expressed a commitment to consensus, and stated that they would avoid such situations in

their classroom.

Chapter 7 Teachers’ understanding of hypothesis testing

This chapter explored the teachers’ understanding of hypothesis testing. The idea of
hypothesis testing builds on a scheme of intricately interrelated concepts, including null
and alternative hypothesis, probability and p-value, distribution of sample statistics,
decision rule, and Type I error, etc. In this chapter, I parsed the discussion into three
sections. Section 1 focused on the concept of unusualness. What we were trying to probe
in this section was whether the teachers had a stochastic conception of p-value. Section 2
focused on the teachers’ understanding of null and alternative hypotheses, and of the
logic of hypothesis testing. Section 3 focused on the teachers’ stochastic conception, and
understanding of decision rule.

In Section 1, discussion around Activity 1-6 Movie theatre scenario revealed that
only one teacher, Alice, had a stochastic conception of unusualness, and two teachers,
Alice and Henry, conceived of unusualness as a statistical conception. The remaining
teachers held a subjective meaning for unusualness. In this discuss we also found that a
teacher (Sarah)’s attempt at developing a stochastic conception of unusualness was
hindered by her confounding a sample percent (relative proportion of some item in a
sample s) with the relative frequency of samples like s over a large number of times. The
follow up interview, however, showed that six out of eight teachers conceived of the

situation stochastically.
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Section 2 investigated the teachers’ understanding of the logic of hypothesis
testing. Discussion around Activity 1-3 Pepsi scenario revealed that the teachers did not
conceive of the situation as entailing hypothesis testing. They exhibited a high
commitment to the assumption about the population parameter. In other words, they did
not understand that the assumption was made intentionally so that an alternative
hypothesis about the population could be confirmed. As depicted by the framework
(Figure 1), the teachers made non-conventional decisions when there was a small p-value,
i.e. a collected sample was unusual in light of the initial assumption. These decisions
include: 1) John, Lucy, and Henry rejected the alternative hypothesis on the basis of a
small p-value; 2) Henry suggested that the sample was not random, and thus no decision
about the initial assumption/null hypothesis would be made based on the p-value; 3)
Linda refused to reject the initial assumption, which was likely caused by her concern
over wrongly reject a true assumption/null hypothesis, and her belief that in order to
reject the null hypothesis she would need overwhelming evidence against it and a small
p-value calculated on the basis of one sample does not constitute overwhelming evidence.
This collection of decisions and their underlying reasoning revealed the difficulties the
teachers with understanding the logic of hypothesis testing.

Activity 2-3 Rodney King scenario in Section 3 investigated teachers’ stochastic
conception and understanding of decision rule. Successful completion of the task requires
that the teachers conceive of an underlying stochastic process, and come up with a
decision rule to determine whether the event in question (the police deployment in
Rodney King’s scenario) was a random or biased occurrence from this stochastic process.

Discussion around Rodney King’s scenario revealed the difficulties the teachers
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experienced with the idea of decision rule. The teachers did not have an operational
understanding of “chance deployment”. As such, they did not know how a statistical
method would answer the question: Whether the police deployment was a chance
deployment. Although they conceived of the deployment stochastically and designed the
right simulation, they did not know how to interpret the simulation results. Later
discussion on decision rule revealed that Henry and Sarah held a non-stochastic
conception of the situation, and that they refused to make a decision about the situation
using the simulation results.

Overall, Chapter 7 revealed that the teachers experienced difficulties in
understanding almost every concept that is entailed in understanding and employing
hypothesis testing. Beyond the complexity of hypothesis testing as a concept, I conjecture
that part of teachers’ difficulties was due to their lack of understanding of hypothesis
testing as a tool, and of the characteristics of the types of questions for which this tool is
designed. This conjecture was supported by the evidence revealed in Interview 2-1 where
we presented a situation that entails hypothesis testing, and only one teacher, Henry,

proposed hypothesis testing as the method of investigation.

Chapter 8 Teachers’ understanding of variability and margin of error

In this chapter, we investigated teachers’ understanding of variability and margin of error,
particularly, the idea of variability as a property of distribution of sample statistics; the
relationship among variability, sample size, population parameter, and number of

samples; and the ideas of margin of error, confidence interval, and confidence level.
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Pre-Interviews suggested that only one teacher, John, had a distributional
understanding of variability. The remaining teachers were predisposed to think in terms
of individual samples, as opposed to collections of samples. Activity 1-7 (Fathom
simulation) engaged the teachers in computer simulations of repeated sampling and in
discussions about how the resulting histograms vary as the sample size varies. There
seemed to be a shared understanding about the relationship between variability and
sample size: As the sample size increases, the variability of the distribution decreases.

Activity 1-8 unfolded in a sequence of two interrelated parts that probed teachers’
understanding of 1) the relationship between variability, population parameter, and the
number of samples, and 2) margin of error. Discussion of the first part revealed that while
the teachers made the generalization that variability of a distribution was independent of
the number of samples drawn, they did not explicitly state the relationship between
variability of a distribution and the population parameter. Discussion of the second part
revealed teachers’ various interpretations of margin of error. Comparison of teachers’
interpretations of margin of error prior to and after the discussion found that there was a
significant improvement in the number of teachers whose meaning of margin of error
included an image of distribution of sample statistics. Teachers’ interpretations, both in
this activity and the follow-up interview, also exhibited their lack of understanding of
confidence level and of its relationship with margin of error and sample size. The most
significant finding in this section concerns with teachers’ orientation in sampling error.
We found that although the teachers were able to root the interpretation of margin of

error in a scheme of distribution of sample statistics, some of them (Henry, John, and
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Betty) continued to hold a carpenter’s perspective. That is, they were concerned with the

additive difference between a population parameter and a sample’s estimate of it.

Overall conclusion

Looking across the chapters, we observe a complicated mix of understandings, both
within individual teacher's thinking and among the group of teachers, that are often
situationally triggered, which are often incoherent when the teachers try to reflect on
them, and which do not support their attempts to develop coherent pedagogical strategies
regarding probability and statistical inference. It seems that the teachers were untroubled
by the understandings they had developed through doing mathematics because in doing
mathematics they could compartmentalize their understandings around patterns of
activity in response to different types of performance-requests, e.g., find the probability
of x, show the sample space of x, perform this test for x, etc. This study revealed a
principle source of disequilibrium for the teachers in this seminar: They were being asked
to develop understandings of probability, sample, population, distribution, and statistical

inference, that cut across their existing compartments.

Contributions and Implications
The most salient findings of this study were the theoretical frameworks that emerged
from the analyses of teachers’ understandings of probability and statistical inference.
These theoretical frameworks, in comparison to prior relevant research studies, open up
the “black box” of probabilistic and statistical reasoning. They advanced our

understanding of probabilistic and statistical reasoning in that they explicated what
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constitutes a coherent and powerful understanding of probability and statistical inference,
and non-conventional ways of understandings that people might have, and how these
various levels of understandings relate to, or develop into, a coherent understanding.
These frameworks provide a tool for understanding and supporting people’s learning of
probability and statistical inference by allowing us to model their understandings of these
concepts and develop insights about possible instructional interventions to support their
learning.

This study also provides a rich description of the kinds of difficulties the teachers
experienced in developing coherent and powerful understandings of probability and
statistical inference. It also develops, whenever possible, conjectures about what it is that
might have hindered the teachers’ attempts in doing so. The set of descriptions and
conjectures provide an insight into the complexity in understanding probability and
statistical inference, and what we should reasonably expect of the understandings of the
content knowledge of high school teachers who teach, or are going to teach, statistics. In
the general population, we should expect a complicated mix of understandings of
probability and statistical inference that are often incoherent and highly
compartmentalized, which do not support teachers’ attempts to develop coherent
pedagogical strategies regarding probability and statistical inference.

These theoretical frameworks and our knowledge of the teachers’ understandings,
together, provide many insights as to how instructions of probability and statistical
inference should be designed in future professional development in order to support
teachers’ learning of probability and statistical inference. For example, we learned that

teachers’ understandings of probability and statistical inference were highly
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compartmentalized: Their conceptions of probability were not grounded in the conception
of distribution, and thus did not support thinking about statistical inference. The
implication of this result is that instructions of probability and statistical inference must
be designed with the principal purpose as that of helping the teachers develop
understanding of probability and statistical inference that cut across their existing
compartments. In Chapter 6, we learned that a powerful conception of probability that
supports reasoning in statistical inference built heavily on the conception of distribution
of outcomes. To develop a stochastic conception, one has to develop a series of ways of
thinking that include 1) conceiving of an underlying repeatable process, 2) understanding
the conditions and implementations of this process in such a way that it produces a
collection of variable outcomes, and 3) imaging a distribution of outcomes that are
developed from repeating this process. We have seen that some teachers failed in 1) and
ended up with different kinds of incoherent interpretations of probability, or some
teachers succeeded in 1) but failed in 2) and also ended up with incoherent
interpretations. In Chapter 7 and 8, we also learned the foundation of distribution of
sample statistics in understanding the concept of hypothesis testing, margin of error, and
confidence interval. This suggests a strategy for instructional design for professional
development for probability and statistical inference: Start by engaging teachers in
activities that support their building an image of distribution of outcomes from a random
experiment, and ask probability questions about these distributions. The purpose of these
activities is to broach the concept of probability and distribution of outcomes, and to help
teachers developing a [stochastic] conception of probability as long run expectations and

probability “regions” as regions of a distribution. Then, engage teachers in actual process
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or simulation of repeated sampling, and in discussions of features of the resulting
distributions of sample statistics. In doing so, we can help teachers developing a
stochastic conception of probability in the context of repeated sampling, and building
connections among concepts of probability, distribution of sample statistics, and p-value,
the ideas essential to statistical inference. Finally, we move on to topics in statistical
inference. This strategy, by exerting a great amount of coerced effort in helping teachers
develop the capacity and orientation in thinking of a distribution of sample statistics,
allows them to develop a stochastic/distributional conception of probability, and
incorporating the image of distribution of sample statistics in their thinking of statistical
inference.

In Chapter 7 and 8, we learned that a great amount of the teachers’ difficulties in
understanding hypothesis testing and margin of error were results of the teachers’ tacit
beliefs or assumptions about statistical inference, e.g., the belief that rejecting a null
hypothesis means to prove it wrong, the assumption that the measurement error in
parameter estimation could be cast in terms of the additive difference between sample
statistic and population parameter, and etc. The implication of these results is that
understanding statistical inference and teaching effectively entails a substantial departure
from teachers' prior experience and their established beliefs. Below I will illustrate an
example of how I would use the theoretical frameworks developed in this study to engage
the teachers in confronting and reflecting on their established yet tacit beliefs with respect
to hypothesis testing.

In Chapter 7, we learned that the teachers made non-conventional choices when a

small p-value was found in hypothesis testing scenarios. This was, in part, because they
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did not understand the logic of indirect argument, which suggests that the logic of
indirect argument (or proof by contradiction) should become an explicit topic of
discussion in the instructions of hypothesis testing. When working with teachers on
hypothesis testing, we could engage the teachers in two parallel conversations: one on the
logic of indirect argument, and another on the logic of hypothesis testing. In proof by
contradiction, the logic is, "If p is true, then ¢ is true", we assume the truth of p and ~gq,
and deduce that ~p is also true or we derive ~r, where r is a statement already taken to be
true, e.g. an axiom or theorem. This contradiction leads us to the tension between two
choices: either (I) we insist that ~r is true, or (II) we conclude that our assumption of ~q
is false. The implication of choice (I) could be non-sensible or catastrophic for the system
in which r is true, and it is this implication that would eventually lead one to make choice
(I) and conclude that the original statement g must be true when p is true. By the same
token, in hypothesis testing, we could design an instructional activity in which the
following different choices were given when a small p-value was found: 1) rejecting
alternative hypothesis, 2) concluding the sample was not random, 3) not rejecting null
hypothesis and needing more evidence against null hypothesis, and 4) rejecting null
hypothesis (from theoretical framework for the logic of hypothesis testing). By engaging
teachers in discussions about the implications of making each choice, we could have the
teachers reflect on the tacit beliefs that might lead them to non-conventional choices, and
come to appreciate the logic of hypothesis testing.

This study also contributed to our understanding of teacher communication and
teacher reflection. As we have observed from the discussion around the Clown and Cards

scenario, simply exposing the teachers to alternative interpretations did not elevate the
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discussion into a reflection conversation. The teachers were so deeply ingrained in their
own ways of thinking that it was very difficult for them to entertain alternative
interpretations. In the mean time, they also experienced such a great amount of frustration
that they believed this kind of discussion should be avoided in their classrooms. This
points to a serious challenge facing teacher educators: In what ways can we facilitate
reflective conversation without making the teachers feel overly uncomfortable, and how
can we make them see the importance of engaging themselves in reflective abstraction of
their own understandings?

We note that the source of teachers’ frustration was the incompatibility between
our request (of the teachers engaging in conceptual analysis) and the teachers’
conceptions of learning and teaching. In this study, we found that the teachers had a
conception of learning as “knowing how to solve problems” and teaching as “displaying
that expertise of problem solving”. We have observed that these conceptions of learning
and teaching prevented the teachers from engaging in conceptual and reflective
discussion in probabilistic and statistical reasoning.

The implication of this result is that if conceptions of learning and teaching are
unaddressed, then in future professional development we would encounter the same
difficulty in engaging the teachers in conceptual analysis as we did in this study. In other
words, teachers’ conception of learning and teaching should become part of an explicit
agenda in the design of future professional development. The strategy that I propose is to
engage teachers in reflective abstraction after they have come to see, through designed
instruction, the power of understanding probability, distribution of sample statistics, and

statistical inference as a scheme of interconnected ideas.
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It will also be extremely important that teachers see that we did not help them
develop powerful understandings of probability and statistical inference by “displaying”
to them correct ways of solving problems. That is, it is important that teaches create a
didactical transposition in which they move from identifying themselves as learners of
what is taught to designers of what is taught. They need to understand that we had an
elaborated design that takes into account what it was that we wanted the teachers to
understand, what they might have understood prior to the instruction, and informed
conjectures of what we might do to reach our instructional agenda. I would hope that this
reflective conversation will not only change the teachers’ conceptions of learning and
teaching, but also help them see the principle with which we designed our instruction and

be able to utilize this principle in their own instructional design.

Limitations

In hindsight, there are many limitations of this study, a
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means to understand probability and statistical inference coherently and how such
understandings develop. As a result, on occasions the activities and interviews were not
carried out in its optimal sequence or manner. This is suggested by the non-chronological
order with which I organized the description of activities and interviews within and
across the chapters. Some data seemed to be weak or inadequate in hindsight. For
example, Post-Interview 3-1 provided an opportunity for us to explore the teachers’
stochastic conception of probability. At the time when the interview was conducted, the
only distinguishing element that the interviewers believed that separated a stochastic
conception from a non-stochastic conception was whether one conceived of a repeatable
process for a probability situation. Therefore the questioning stopped once that
information was collected. As such, the data turned out to be insufficient in probing how
well the teachers understood these repeatable processes and whether they had an image of
distributions of outcomes generated from the processes, which we learned at the end of

the analysis are important benchmarks for stochastic conception.

Next steps
As I mentioned in Chapter 1, this study is an early step of a larger research program,
which aims to understand ways of supporting teachers learning and their transformations
of teaching practices into ones that are propitious for students’ learning in the context of
probability and statistics. As a precursor, this study has developed initial frameworks for
understanding teachers’ (in general, statistics learners’) understandings of probability and
statistical inference. In the mean time, it also opened many doors to many different

directions of future research. The most immediate follow-up work would be to refine
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these frameworks, i.e. to test their viability through working with a broader audience and
revising them accordingly. One of the results from this work would be to generate
insights about the prevalence of people’s particular conceptions and understandings.
These results could then inform instructional design of probability and statistics.
Although I documented the chronological change of teachers’ thinking, in most
cases | do not know how these changes occurred. This was partially due to the fact that
this study was not designed as a traditional design experiment that takes teacher change
as its primary focus. Naturally, one of the follow up studies would be to design a teaching
experiment that explicitly focuses on ways of supporting teachers’ development of
coherent probabilistic and statistical understanding, given what we learned in this study
about what it means to for them to have such understanding and what difficulties they

might encounter in develop this understanding.
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